We continue with the study of Clifford-space Gravity and analyze further the Clifford space (C-space) generalized gravitational field equations which are obtained from a variational principle based on the generalization of the Einstein-Hilbert-Cartan action. One of the main features is that the C-space connection requires torsion in order to have consistency with the Clifford algebraic structure associated with the curved C-space basis generators. Hence no spin matter is required to induce torsion since it already exists in the vacuum. The field equations in C-spaces associated to a Clifford algebra in D-dimensions are not equivalent to the ordinary gravitational equations with torsion in higher 2 D -dimensions. The most physically relevant conclusion, besides the presence of torsion in the vacuum, is the contribution of the higher grade metric components g µ 1 µ 2 ν 1 ν 2 , g µ 1 µ 2 µ 2 ν 1 ν 2 ν 3 , ..... of the C-space metric to dark energy/dark matter.
Introduction
In the past years, the Extended Relativity Theory in C-spaces (Clifford spaces) and Clifford-Phase spaces were developed [1] , [2] . The Extended Relativity theory in Clifford-spaces (C-spaces) is a natural extension of the ordinary Relativity theory whose generalized coordinates are Clifford polyvector-valued quantities which incorporate the lines, areas, volumes, and hyper-volumes degrees of freedom associated with the collective dynamics of particles, strings, membranes, p-branes (closed p-branes) moving in a D-dimensional target spacetime background. C-space Relativity permits to study the dynamics of all (closed) p-branes, for different values of p, on a unified footing. Our theory has 2 fundamental parameters : the speed of a light c and a length scale which can be set equal to the Planck length. The role of "photons" in C-space is played by tensionless branes. An extensive review of the Extended Relativity Theory in Clifford spaces can be found in [1] .
The polyvector valued coordinates x µ , x µ1µ2 , x µ1µ2µ3 , ... are now linked to the basis vectors generators γ µ , bi-vectors generators γ µ ∧ γ ν , tri-vectors generators γ µ1 ∧ γ µ2 ∧ γ µ3 , ... of the Clifford algebra, including the Clifford algebra unit element (associated to a scalar coordinate). These polyvector valued coordinates can be interpreted as the quenched-degrees of freedom of an ensemble of ploops associated with the dynamics of closed p-branes, for p = 0, 1, 2, ..., D − 1, embedded in a target D-dimensional spacetime background [6] .
The C-space poly-vector-valued momentum is defined as P = dX/dΣ where X is the Clifford-valued coordinate corresponding to the Cl(1, 3) algebra in four-dimensions, for example, X = s 1 + x µ γ µ + x µν γ µ ∧γ ν + x µνρ γ µ ∧γ ν ∧γ ρ + x µνρτ γ µ ∧γ ν ∧γ ρ ∧γ τ (1.1)
it can be generalized to any dimensions, including D = 0. The component s is the Clifford scalar component of the polyvector-valued coordinate and dΣ is the infinitesimal C-space proper "time" interval which is invariant under Cl(1, 3) transformations which are the Clifford-algebra extensions of the SO(1, 3) Lorentz transformations [1] . One should emphasize that dΣ, which is given by the square root of the quadratic interval in C-space (dΣ) 2 = (ds) 2 + dx µ dx µ + dx µν dx µν + . . .
is not equal to the proper time Lorentz-invariant interval dτ in ordinary spacetime (dτ ) 2 = g µν dx µ dx ν = dx µ dx µ . In order to match units in all terms of eqs-(1.1,1.2) suitable powers of a length scale (say Planck scale) must be introduced. For convenience purposes it is set to unity. For extensive details of the generalized Lorentz transformations (poly-rotations) in flat C-spaces and references we refer to [1] .
Let us now consider C-space [1] . A basis in C-space is given by
where γ is the unit element of the Clifford algebra that we label as 1 from now on. In (1.3) when one writes an r-vector basis γ µ1 ∧ γ µ2 ∧ ... ∧ γ µr we take the indices in "lexicographical" order so that µ 1 < µ 2 < .... < µ r . An element of C-space is a Clifford number, called also Polyvector or Clifford aggregate which we now write in the form
A C-space is parametrized not only by 1-vector coordinates x µ but also by the 2-vector coordinates x µν , 3-vector coordinates x µνα , ..., called also holographic coordinates, since they describe the holographic projections of 1-loops, 2-loops, 3-loops,..., onto the coordinate planes [6] . By p-loop we mean a closed p-brane; in particular, a 1-loop is closed string. In order to avoid using the powers of the Planck scale length parameter L p in the expansion of the polyvector X (in order to match units) we can set it to unity to simplify matters.
In a f lat C-space the basis vectors E A , E A are constants. In a curved C-space this is no longer true. Each E A , E A is a function of the C-space coordinates
which include scalar, vector, bivector,..., p-vector,... coordinates in the underlying D-dim base spacetime and whose corresponding C-space is 2 D -dimensional since the Clifford algebra in D-dim is 2 D -dimensional. In curved C-space one introduces the X-dependent basis generators γ M , γ A as follows
N η AB also agrees with taking the scalar part of the Clifford geometric product
The covariant derivative of
involves the generalized connection and spin connection and is defined as
One of the salient features in [3] is that the C-space connection requires torsion in order to have consistency between the Clifford algebraic structure and the zero nonmetricity condition ∇ K g M N = 0. In the case of nonsymmetric connections with torsion, the curvature obeys the following relations under the exchange of indices
(1.7) and is defined in terms of the connection components Γ L KM as follows
If the anholonomy coefficientsf The standard Riemann-Cartan curvature tensor in ordinary spacetime is contained in C-space as follows
(1.9) due to the contractions involving the polyvector valued indices M in eq-(1.9) There is also the crucial difference that R ρ2 µ1µ2ρ1 (s, x ν , x ν1ν2 , ...) has now an additional dependence on all the C-space polyvector valued coordinates s, x ν1ν2 , x ν1ν2ν3 , ... besides the x ν coordinates. The curvature in the presence of torsion does not satisfy the same symmetry relations when there is no torsion, therefore the Ricci-like tensor is no longer symmetric
Denoting the Clifford scalar s component by the index 0, and that must not be confused with the temporal coordinate t, the C-space Ricci-like tensor is
and the C-space curvature scalar is
(1.12) The physical applications of C-space gravity to higher curvature theories of gravity were studied in [3] . One of the key properties of Lanczos-LovelockCartan gravity (with torsion) is that the field equations do not contain higher derivatives of the metric tensor beyond the second order due to the fact that the action does not contain derivatives of the curvature, see [10] , [13] , [12] and references therein.
One may construct an Einstein-Hilbert-Cartan like action based on the Cspace curvature scalar
where µ m (g M N ) is a suitable integration measure. There are two approaches to construct measures in C-spaces. One approach requires the use of hyper-determinants of hyper-matrices. And the other approach requires ordinary determinants of square matrices in 2 D -dimensions. The hyper-determinant of a hyper-matrix [14] can be recast in terms of discriminants [15] . Hyper-determinants have been found to play a key role in the blackhole/qubits correspondence [16] . Because the hyper-determinant of a product of two hyper-matrices is not equal to the product of their hyper-determinants this complicates matters.
One can avoid the use of hyper-determinants by working in a blockwise fashion, when dealing with polyvector valued indices, rather than dealing with each one of the indices of their associated hyper-matrices individually. The C-space metric g M N associated with a Clifford algebra in D-dimensions has a one-to-one correspondence with an ordinary metric g ij in 2
D -dimensions. In particular, the metric g ij is a square 2 D ×2 D symmetric matrix with 
However, having a correspondence between the actions in (1.13) and (1.14) does not mean that they are physically equivalent, even if one replaces the measure in eq-(1.13) by |det g ij |. The reason being that the Clifford algebraic structure imposes very strong conditions on the allowed C-space connections, and in particular, on the metric components g M N , when the zero grade-mixing condition (gauge) g M N = 0 is chosen [3] . These conditions are ∇ K C M N L = 0 where C M N L are the curved Clifford space structure functions. This will be the main subject of the next section : to study the field equations in C-spaces and to show why they are not equivalent to ordinary gravity in higher 2 D -dimensions. Among some of the main results in [3] were that C-space gravity, in general, involves spacetime multi-metrics g µν (n) , n = 1, 2, 3, ...., D; higher-spins beyond spin 2 [18] ; the Lanczos-Lovelock-Cartan higher curvature gravitational actions, and other extended gravitational theories based on f (R), f (R µν ), f (R, T )... actions [17] , for polynomial-valued functions of curvatures and torsion, could be obtained as ef f ective actions after integrating the C-space gravitational action with respect to all the polyvector-valued coordinates, except the vectorial ones x µ .
To conclude this introduction, we shall choose for C-space measure the following function µ m (g M N ) in (1.13) such that it has the same properties as |g| = |det g ij | in (1.14) in so far as the differentation/variation is concerned
(1.15) In this fashion the Clifford space (C-space) generalized gravitational field equations are obtained, next, from a variational principle and which is based on an extension of the Einstein-Hilbert-Cartan action.
Clifford Space Gravitational Field equations
In this section we shall provide the Clifford Space Gravitational Field equations. When there is torsion, the Palatini variation of the curvature tensor in ordinary spaces is given by Generalizing these results to C-space gives
The variation of the action is
If the contorsion and nonmetricity were zero, the last terms (2.4) yield a total derivative due to the fact that the divergence operator, associated to a symmetric (torsionless) metric compatible Levi-Civita connection, can be written as
and such that one recovers a total derivative of the form
As usual, despite that Γ does not transform as a tensor, the variation δΓ does. However, when the contorsion is not zero, there are extra torsion terms in the right hand side of the covariant divergence expression (2.6) given by
where the torsion vector is T L M L = T M and which lead to the final variation of the action, up to total derivatives terms, of the form 
When there is matter one should add the stress energy tensor contribution to the right hand side of (2.10)
and replace (2.11) with
13) The anholonomic version of the field equations in affine theories of gravity with torsion and nonmetricity, and Weyl-Cartan gravity can be found in [11] , [8] , among others. See [9] and references therein as well. Eqs-(2.10-2.13) are the C-space extension of the Einstein-Cartan field equations with zero nonmetricity. One could include a cosmological constant term Λg M N to (2.10) if one wishes. One should note that the field equations (2.10) contain torsion since R (M N ) , R are defined in terms of the connection involving the torsionless Levi-Civita connection and the contorsion.
; R can be decomposed into the standard Riemannian pieces involving the Levi-Civita connection plus torsion squared terms and covariant derivatives of torsion.
A key difference between Einstein-Cartan gravity in 2 D -dimensions and Cspace gravity in D-dimensions is that one must supplement the above field equations (2.6) with the Clifford algebraic compatibility conditions on the connection [3] 
where C M N L are the curved Clifford space structure functions. Such additional equation results in an over-determined system of differential equations. It is important to emphasize that one is implementing the conditions (2.14) af ter the variation of the action is performed. We shall discuss below the case when the conditions are implemented bef ore a variation of the action is performed. One can view Clifford space as a Clifford group manifold, and as such, strong restrictions on the connections are imposed. Invariant, metric-compatible connections with torsion on homogeneous spaces G/H and their applications to Kaluza-Klein theories were described by [4] .
In the vacuum case, if the nonmetricity tensor is set to zero, from eq-(2.11) one can infer that the torsion is zero (on-shell) and one recovers the Levi-Civita connection as expected in the Palatini formulation. However, there is a problem because the torsionless Levi-Civita connection is not consistent with the Clifford algebraic compatibility condition of the connection ∇ K C M N L = 0, unless additional differential constraints are imposed on the first derivatives of the metric [3] .
One could add spin matter sources (like spin fluids) to the action so that the equations (2.13) with spin matter sources generate (non-propagating) torsion terms. Another possibility is to include nonzero nonmetricity ∇ M g N K = 0 such that eq-(2.11) is modified by the inclusion of extra nonmetricity terms. One must now go back to the variation of the action and take into account that ∇ M ( √ g g N K ) = 0 when one integrates by parts. After straightforward algebra one arrives at
Eqs-(2.15) are the C-space extension of the equations displayed in the monograph [9] , up to an overall minus sign. The first two terms in (2.15) contain nonmetricity terms like |g| Q
The most general connection, in a holonomic coordinate basis, is comprised of the torsionless Levi-Civita connection, the contorsion and nonmetricity tensors, respectivelyΓ
In this case one must use thisΓ connection (2.16) in the field equations for the C-space metric and also in the Clifford algebraic compatibility condition ∇ K C M N L = 0. Once again, one arrives at an over-determined system of equations that may not have nontrivial solutions. In the rest of this work we will explore the procedure of how to avoid an over-determined system of differential equations For simplicity we shall set the nonmetricity
In [3] it was shown that a metric compatible connection (zero nonmetricity case) which is consistent with eq-(2.14) is given by 18) and has torsion T
The contorsion tensor is in this case
19) The contorsion tensor is defined in terms of the components of the torsion tensor as
One can verify that the contorsion K M N K found above in eq-(2.19) is indeed consistent with the definition of the contorsion in eqs-(2.20) after pluggingin directly the expression for the connection given by eq-(2.18). K M N K is antisymmetric in the last two indices while T N KM is antisymmetric in its first two indices. In an ordinary manifold, the contorsion is a one-form while the torsion is a two-form. This can more easily be seen in the anholonomic basis. The contorsion one-form is K ab µ dx µ and the torsion two-form is given in terms of the bein e a = e a µ dx µ , and spin connection ω
The correct decomposition is the one displayed in eqs-(2.17).
The results (2.18) were obtained in the so-called "diagonal gauge" [3] where in a given coordinate system (generalized Lorentz frame) the mixed-grade components of the metric g M N , g M N , and beins E A M , inverse beins E M A , can be set to zero in order to considerably simplify the calculations; namely due to the very large diffeomorphism symmetry in C-space, one may choose a frame ("diagonal gauge") such that the mixed grade components of the metric, beins, inverse beins are zero. In this case, the Clifford algebra associated to the curved space basis generators γ M = E A M γ A assumes the same functional form as it does in the flat tangent space, and obeys the (graded) Jacobi identities. The metric, beins, inverse beins, admit a decomposition into their irreducible pieces like in eq-(2.22) below. Only a restricted set of poly-coordinate transformations (generalized Lorentz transformations in the tangent space) will preserve such zero mixed-grade condition, namely the grade-preserving transformations.
The same-grade metric components g [µ1µ2...µ k ] [ν1ν2...ν k ] can be decomposed into its irreducible factors as antisymmetrized sums of products of g µν as follows
One can avoid an over-determined system of differential equations by implementing the compatibility conditions (2.14), in the diagonal gauge, bef ore performing a variation of the action; i.e. to go ahead and plug-in directly the connection (2.18) in terms of the metric and derivatives (no longer following a Palatini variation procedure), and to insert the metric decomposition (2.22), before performing the variation of the action, leading to 
and after using the relations
combined with
due to the symmetry of δg JK and antisymmetry under the exchange of JK indices of the terms inside the parenthesis, one can show after some algebra and integrating by parts, that the explicit torsion terms contribution to the variation of the C-space gravitational Lagrangian density is
so the vacuum field equations become
(JK) = 0 due to the antisymmetry of the tensor P L JK in the JK indices as described in (2.25b). For antisymmetric metrics the terms in (2.28a) will not be zero. For symmetric metrics (2.28a) is zero due to the symmetry of δg 
where we denote the Riemannian parts by R JK ({}) = R KJ ({}); R({}).
There is a caveat because one must not forget that the higher grade g M N metric components are not independent functions of g µν due to the decomposition in (2.22) that result after imposing the Clifford algebraic compatibility conditions (2.14) in the diagonal gauge [3] . For this reason instead of having the field equations (2.28b, 2.28c), the C-space vacuum gravitational field equations in the diagonal gauge become, after renaming indices,
the other remaining contributions of the polyvector-components denoted by the hatted indices give
such that the g µν field equations in (2.30) acquire now the extra terms given by
These extra terms (2.33) to eqs-(2.31) have the same role as an ef f ective stress energy tensor term κ 2 T ef f µν contribution, up to a minus sign. The advantage of using the connection (2.18) and the metric decomposition (2.22) bef ore the variation of the action takes place, in the diagonal gauge, is that one does not longer have an over-determined system of differential equations. Therefore, the effective field equations for the ordinary metric g µν in the so-called "diagonal" gauge described earlier become
where the effective T ef f µν is defined in terms of the higher grade metric components as shown in eq-(2.33). The relevance of having one single set of equations in (2.34), instead of setting to zero, separately, both equations in (2.31, 2.32), is that one does not longer have an over-determined system of differential equations for g µν . One should notice once more that the higher grade gMN metric components are functions of g µν due to the decomposition in (2.22). For this reason if one were to set to zero both eqs-(2.31, 2.32) this would lead to an over-determined system of equations for the ordinary metric g µν . Furthermore, the most salient and physically relevant feature is that the effective T ef f µν may be interpreted as dark energy/dark matter. It has been known for a long time that the torsion terms inside R (µν) , R may contribute to dark energy/dark matter as well [11] , [8] . What is novel in C-space gravity, to our knowledge, besides having torsion is :
(i) the contribution of the higher grade metric components gMN of the Cspace metric to dark energy/dark matter as described in eqs-(2.33, 2.34).
(ii) No spin matter is required to induce torsion because torsion is imposed by the Clifford algebraic structure itself and which is reflected in (2.14) leading to a connection with torsion (2.18). Even in the absence of matter one has torsion in C-space. Even in the case for those metrics which might obey the restricted condition ∂ M g N L = ∂ N g M L constraining the torsion to zero, we still have the contribution ∆ µν of the higher grade metric components to the field equations (2.34) mimicking the role of dark energy/dark matter.
A model of dilaton matter based on particles which are endowed with intrinsic spin and dilaton charge (a dilaton-spin fluid) has been considered as the source of the gravitational field in a Weyl-Cartan spacetime [11] , [8] . Dark matter was modeled in terms of the dilaton and inflation-like and accelerating expansion solutions for the universe were obtained. Since C-space gravity encodes Weyl scalings as shown in [1] the latter dilaton-spin fluid model can naturally be incorporated within the framework of C-space gravity. However as stated above, no spin matter is required to induce torsion in C-space.
Furthermore, no dilaton matter charge is required either because the Clifford scalar component g 00 of the C-space metric is a scalar field which can replace the dilaton. It is tempting to speculate whether the Clifford scalar g 00 might be related to the Higgs. The Clifford pseudo-scalar component g Because there is the residual grade-preserving symmetry transformations of the polyvector valued coordinates in C-space, and which is left over after the diagonal gauge is imposed [3] , this is the symmetry operating in the effective field equations (2.34, 2.35) for g µν and g 00 , respectively. In forthcoming work we shall freeze the dependence on all polyvector coordinates except the vectorial ones x µ in the field equations (2.34, 2.35), to simplify the calculations, and explore the correspondence between our numerical results and current astrophysical observations. Another project which warrants investigation is the introduction of Finsler geometric structures in Clifford spaces. Clifford-Finsler Algebroids and Nonholonomic Einstein-Dirac Structures have been introduced by [7] .
